An analysis method is formulated to predict the peak bending stress concentrations around a small circular opening in an idealized isotropic homogeneous, linear elastic-perfectly plastic plate-like structure subjected to uniform blast loading. e method allows for the determination of corresponding concentrated bending moments adjacent to the opening for the design of reinforcement that can prevent the formation of localized plasticity around the opening during a blast event. e rapid formation and growth of localized plasticity around the opening can lead to a drastic reduction of the plate-like structure's local and global stability, which could result in catastrophic failure of the structure and destruction of the entity it is protecting. A set of elemental formulas is derived considering one-way and two-way rectangular plate-like structures containing a single small circular opening located where flexure predominates. e derived formulas are applicable for elastic global response to blast loading. Abaqus was employed to conduct numerical verification of the derived formulas considering various design parameters including material properties, plate dimensions, position of opening, and explosive charge size. e formulas demonstrate a good correlation with FEA albeit with a conservative inclination. e derived formulas are intended to be used in tandem with dynamic SDOF analysis of a blast load-structure system for ease of design. Overall, the proposed method has the potential to be applicable for many typical conditions that may be encountered during design.
Introduction
Plate-like structures are often used in buildings to protect occupants and life-safety systems from high-energy explosions [1] . Examples of plate-like structures include hardened blast walls and strengthened floor slabs for protecting against blast infill pressure. Hardened blast walls are strategically positioned within a building to protect means of egress and equipment critical for the functioning of life-safety systems after the blast event. e blast walls are nonload bearing and designed to resist blast infill pressure by one-way flexural behavior. Strengthened floor slabs are located in building areas where prevention of floor collapse is determined to be imperative in thwarting progressive collapse after the blast event [1] . e floor slabs are designed to carry conventional gravity and diaphragm loads while also resisting blast infill pressure by two-way or one-way flexural behavior.
A rational approach to the blast-resistant design of structures was articulated by Newmark in 1956 [2] and Biggs in 1964 [3] . Since that time, the performance of various civil structures such as reinforced concrete frames, reinforced masonry walls, and timber panels subjected to blast loading has been investigated [4] [5] [6] . Importantly, the performance of the building envelope, essentially glazing and glass facades, under air blast has been researched [7, 8] . In direct relation to this paper, the dynamic behavior of metallic plate-like structures subjected to blast loading has been extensively investigated through analytical, numerical, and experimental studies [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . At present, blast-resistant design is standardized in several publications including ASCE 59-11 Blast Protection of Buildings [1] and UFC 3-340-02 Structures to Resist the Effects of Accidental Explosions [19] . e global dynamic response of plate-like structures can remain in the elastic regime, or in extreme cases can enter the plastic regime. e dynamic response is in part dependent upon the structural material, support conditions, explosive charge weight, standoff, and the ratio of the reflection surface to the target area [1, 3, 19] .
Plate-like structures designed for blast loading are often required to have circular penetrations to accommodate mechanical ducts or electrical conduits. e size and positioning of the penetrations depends upon the function of the entity being protected. For example, a steel hardened blast wall protecting a communication room within a building may require a small circular opening to accommodate electrical conduits. e presence of a small circular opening in a plate-like structure undergoing out-of-plane deformation due to blast loading induces especially high bending stress concentrations around the opening, as demonstrated in Figures 1(a) and 1(b) . ese stress concentrations can cause localized plasticity even though the initial global response of the structure primarily remains in the elastic strain range. e rapid formation and growth of localized plasticity around the opening can lead to a drastic reduction of the plate-like structure's local and global stability, which could result in catastrophic failure of the structure and destruction of the entity it is protecting. Reinforcement can be added to strengthen the region around the opening to resist bending stress concentrations that can cause localized plasticity, as shown in Figure 1 (c).
ere is a considerable amount of literature pertaining to stress concentrations around flaws subjected to far-field stress. e plane solution for stress concentrations around circular openings was derived by Kirsch in 1898 [20] . Stress concentrations at cracks were later investigated by Griffith, Westergaard, and Irwin [21] [22] [23] . More recent studies have investigated stress concentrations around irregularly shaped holes and circular holes in anisotropic materials [24] [25] [26] [27] [28] [29] [30] .
e influence of openings on stability has been investigated [31] [32] [33] .
A high-energy explosion is characterized by a rapidly expanding hemispherical wave of high-pressure gas called a shock wave. e reflected pressure and impulse from the shock wave upon or within a structure is a primary cause of damage from blast effects [19] . e reflected pressure and impulse are dependent upon several parameters including the explosive charge weight, range to target, angle of incidence, and shielding effects from the building façade or any intermediate partition walls [1] . e reflected pressure can be described by a pressure-time history curve, where the positive area beneath the curve is the reflected blast impulse. A blast pressure-time history curve is characterized by a sharp increase in positive pressure followed by a nearly linear decay to atmospheric pressure, as shown in Figure 2 (a). A simplified triangular pressure-time history curve can be constructed from the peak reflected pressure and impulse for use in design, as shown in Figure 2 (b) [1] .
e blast impulse imparts inertial energy into a structure, causing it to undergo dynamic deformation [3] . In the case of plate-like structures, the blast impulse causes the structure to rapidly deform out-of-plane wherein the deformation response of the structure is dependent upon its flexural stiffness, ultimate resistance, mass, and inherent structural damping. e structure continues to oscillate in free vibration after the blast pressure has dissipated provided the structure remains intact. For all practical purposes, the deformation response corresponds to the fundamental mode with the mechanical energy balance oscillating between kinetic energy and internal strain energy [3, 19] .
A common industry standard analysis method for designing structural elements for blast loading is to transform the load-structure system into an equivalent undamped single degree-of-freedom ("SDOF") system possessing a linear elastic-perfectly plastic response mode [1, 19] . e system is loaded by a triangular pressure-time history curve representing the actual blast pressure-time history, as shown in Figures 3(a) and 3(b) . is procedure involves employing factors to transform the load, stiffness, ultimate resistance, and mass into equivalent values for use in an SDOF analysis such that the displacement response remains consistent between the real and equivalent systems [3] .
e transformation factors are in part dependent upon the deformed shape and boundary conditions of the plate-like structure.
e displacement response of the SDOF system can be solved for using various numerical methods such as the constant-velocity procedure. Peak stresses occur very early in the displacement response, and thus, inherent structural damping can be neglected in the analysis.
e structural properties of a plate-like structure can be designed to optimize its strength and performance for a given blast loading scenario. For reasons of practicality, a structure can be designed to resist the peak forces experienced during the free vibration phase while maintaining prescribed performance requirements. Performance requirements generally allow a structure to attain certain levels of ductility and deformation depending upon its structural composition. Maximum response limits for structural components subjected to blast effects are recommended by ASCE 59-11 [1] .
In designing a plate-like structure containing a small circular opening for blast effects, it may be desirable to approximately calculate the distribution of peak bending stress around the opening such that suitable reinforcement can be designed to resist stress concentrations that can cause localized plasticity.
e response of the plate-like structure may be adversely influenced if any localized plasticity around the opening is allowed to form and grow over subsequent cycles of free vibration. Specifically, the kinetic energy of the plate-like structure may be progressively dissipated or stored as plastic strain energy around the opening, potentially resulting in large deformations, rupture, or dynamic fracture during the initial cycle or subsequent oscillations, as depicted in Figure 4 (b) [34] [35] [36] . e use of oversimplified analytical methods for calculating the stress concentrations may result in an overly conservative design of the reinforcement. Conversely, the use of complex analytical or computational methods can result in a more efficient design; however, these methods may be time-consuming and require a significant allotment of computational capacity thus rendering them impractical for design.
Analysis Method
e objective is to formulate an analysis method to predict the peak bending stress concentrations around a small circular opening in an idealized isotropic homogeneous plate-like structure subjected to uniform blast loading. e predicted stress concentrations are to be used to design reinforcement that can prevent the formation of localized 
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Figure 3: Load-structure system transformed into an equivalent undamped SDOF system for analysis of blast load response: (a) blast loadstructure system; (b) equivalent undamped SDOF system.
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Base support plasticity. e method is intended to be compatible with dynamic SDOF blast analyses of plate-like structures possessing elastic global response. In accordance with industry standards, the blast load-structure system is assumed to possess a linear elastic-perfectly plastic response mode for the localized stress concentrations around the opening [1] .
e introduction of an opening in a plate-like structure inherently modi es its exural sti ness. If the opening is small compared to the unbraced surface area of the structure free to deform out-of-plane, then the change in sti ness can be considered negligible (here, the de nition of "small" is highly subjective upon the allowable change in dynamic response). Consequently, the global deformation response of a plate-like structure containing a small opening and subjected to blast loading is e ectively unchanged from the response of an identical structure without an opening. is is true unless plastic hinges, rupture, or cracks develop adjacent to the opening such that the response is adversely in uenced (Figure 4 ). e failure criterion is de ned as the formation of plasticity in the local domain around the circular opening, that is, the development of plastic hinges adjacent to the opening due to concentrated bending moments, as depicted in Figure 4 (a). As per the principle of conservation of mechanical energy (neglecting structural damping), the total mechanical energy around the opening remains constant as the plate-like structure oscillates through out-of-plane deformation during free vibration [37] :
where ΔU is the internal strain energy in the local domain around the opening and ΔK is the associated kinetic energy imparted by the blast impulse. As the plate-like structure achieves its initial peak out-of-plane deformation, the kinetic energy is zero and the total mechanical energy around the opening is entirely strain energy:
where ΔU E is the elastic strain energy and ΔU P is the plastic strain energy. e formation of localized plasticity around the opening is indicated by the development of plastic strain energy and accompanying permanent deformation, as depicted in Figure 4 (b). is permanent deformation can adversely in uence the plate-like structure's local and global stability and subsequent response. us, the failure criterion is achieved when the plastic strain energy develops, expressed as follows:
Reinforcement around the opening should be designed to resist concentrated peak bending moments developing plastic hinges adjacent to the opening and corresponding to ΔU peak when (3) is satis ed. In terms of strain energy, the reinforcement should be designed to absorb ΔU peak in Figure 4 : Peak stress concentrations and strain energy in the local domain around the opening for the elastoplastic system and equivalent elastic system during initial oscillation: (a) peak unidirectional stress concentrations adjacent to the opening and parallel to far-eld bending stress; (b) deformation response for the elastoplastic system and equivalent elastic system; (c) peak elastoplastic strain energy developed in the local domain around the opening; (d) corresponding elastic strain energy developed in the same domain for the equivalent elastic system. a purely elastic form. In accordance with the principle of conservation of mechanical energy, the peak elastoplastic strain energy ΔU peak around the opening during the first cycle of vibration is in the most conservative case effectively equal to the peak elastic strain energy, ΔU ′ E,peak , in the same domain derived from an equivalent elastic system, as depicted in Figures 4(c) and 4(d) [34, 35] . us, the concentrated peak bending moments can be solved by evaluating the bending moments corresponding to ΔU ′ E,peak :
In general, the following formulation is proposed: in the first step a blast load-structure system is derived for a platelike structure assumed to not contain a small circular opening. is is achieved by first constructing a triangular pressure-time history based on a given blast loading scenario. Next, the characteristic shape function and flexural stiffness are extracted from the assumed deformed shape of the plate-like structure corresponding to the fundamental mode. Mass and load transformation factors are then derived from the shape function, mass, and load. e blast load-structure system is transformed into an equivalent undamped SDOF system and dynamically analyzed in the elastic strain range. e peak displacement during the free vibration phase is extracted from the analysis.
In the intermediate step, the deformed shape is expressed in terms of the characteristic shape function and the peak displacement. e complete peak bending stress field at the tension surface of the plate-like structure may then be determined by substituting the deformed shape into the Kirchhoff-Love plate differential equations for expressing bending stresses in terms of curvatures.
In the final step, a small circular opening is assumed to lie within an infinite plane and loaded by uniaxial or biaxial far-field tensile stress. e tensile stress is determined from the bending stress field obtained in the previous step at the theoretical location of the opening. e Kirsch equations are used to determine the elastic stress concentrations around the circular opening when loaded by the far-field tensile stress (assuming no yielding). As a result, the peak elastic bending stress concentrations around a circular opening may in part be expressed in terms of the peak displacement obtained from a dynamic SDOF blast analysis in the elastic strain range. As per the principle of conservation of mechanical energy, the concentrated peak bending moments adjacent to the opening producing plastic hinges may be determined from the unidirectional elastic stress concentrations adjacent to the opening (and parallel to the far-field tensile stress) exceeding the actual yield point [37, 38] . is is under the propositions that the unidirectional elastic stress predominates the state of stress and is thus used in lieu of the von Mises stress, and that the elastoplastic transition range through the thickness is neglected. e resulting concentrated peak bending moments may then be used to design appropriate reinforcement for preventing localized plasticity around the opening.
Two common cases of rectangular plate-like structures are considered; a rectangular wall simply supported at two opposite edges, and a rectangular slab simply supported at all four edges. ese two particular cases encompass a significant share of blast-resistant plate-like structures incorporated into buildings. Numerical verification of the analysis method is performed using the finite element analysis ("FEA") software Abaqus. e formulation of the analysis method is outlined in Figure 5 .
Case: Rectangular Wall Simply Supported at Two Opposite
Edges. It is assumed that the deformed shape of a rectangular plate-like structure during elastic response to blast loading conforms to the deflection surface obtained from a statically applied uniform surface load. Any deflection surface, w(x, y), for an isotropic homogeneous plate-like structure must satisfy the boundary conditions and the governing plate equation [39] : e deformed shape, characteristic shape function, stiffness, and transformation factors for one-way flexural elements are readily available in the literature [3] . e deformation in the elastic strain range is described with respect to the y-axis in the direction of one-way bending and is given as follows:
where h is the wall height, E is Young's modulus, and I is the second moment of area about the neutral axis. e corresponding characteristic shape function is expressed as follows:
e well-known real stiffness and mass and load transformation factors for one-way flexural elements are listed in Table 1 .
e parameters in Table 1 can be used to perform an equivalent SDOF analysis for a given blast loading scenario from which the peak displacement of the wall, Δ peak , can be extracted for deformations remaining within the elastic strain range.
In general, the peak deformed shape can be expressed in terms of the characteristic shape function and peak displacement as follows:
e Kirchhoff-Love plate differential equations for expressing bending stresses at the surface of a plate in terms of the peak deformed shape are given as follows [39] :
where t is the wall thickness and μ is Poisson's ratio. Equations (9a) and (9b) can be used to approximate the farfield bending stress inducing stress concentrations around the small circular opening in the wall due to out-of-plane deformation. Substituting (7) into (8) and substituting the result into (9b) gives an expression for the bending stress σ y at the tension surface of the wall, in the direction of one-way flexure, and in terms of the peak displacement:
where y o is the location of the opening along the height of the wall. e transverse bending stress σ x is neglected for one-way flexure since its contribution to the stress concentrations around the opening is minute compared to the contribution by σ y [40] . Equation (10) can be used to approximate the uniaxial far-field bending stress at the tension surface of the wall and loading the circular opening, as shown in Figure 7 . e plane elastic stress field around a circular opening loaded by uniaxial far-field tensile stress is expressed by the Kirsch equations in polar coordinates as follows [20] : Table 1 : Parameters for an equivalent SDOF system of a one-way flexural element simply supported at the two opposite edges [3] .
where a is the radius of the opening, r is the radial distance with respect to the center of the opening, θ is the angle with respect to the axis of far-field stress, and σ ∞ is the uniaxial far-field tensile stress. In the case of one-way flexure, the peak elastic bending stress distribution, σ θ (r x ), along the r x radial distance is principally induced by the far-field bending stress in the y-axis direction. Substituting (10) into (11) with σ ∞ � σ y and θ � 90°results in an expression for the distribution of peak elastic bending stress at the tension surface of the wall and directly adjacent to the opening:
where r x is the radial distance when θ � 90°. e peak elastic bending stress distribution along r x is depicted in Figure 7 . Localized plasticity around the opening occurs when the peak bending stress distribution at the tension surface exceeds the material yield strength, σ Y . For reasons of simplicity, the elastoplastic transition range through the wall thickness is neglected and the presence of yielding at the wall surface is assumed to signify the development of a through-thickness plastic hinge, as shown in Figure 7 . Reinforcement can be positioned around the opening in order to strengthen the regions of high bending stress concentrations where plastic hinges are expected to occur.
For the case of one-way flexure, reinforcement should be positioned on each side of the circular opening and oriented in the direction of one-way flexure such that the concentrated bending moments directly adjacent to the opening are effectively resisted, as shown in Figure 8 . Each region of reinforcement should be designed to transfer the concentrated peak bending moment, M xp , on each side of the opening such that yielding does not occur at the wall surface. In accordance with the principle of conservation of mechanical energy given by (4), the concentrated peak bending moment producing a plastic hinge can be determined by integrating the peak elastic bending stress distribution (assuming no yielding) over the radial distance over which yielding does occur and multiplying with the unit elastic section modulus:
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e radial distance r xp over which yielding occurs can be solved by substituting the known constants into (12) , setting the result equal to σ Y , solving for r x , and subtracting a. Equation (12) may then be substituted into (14) to obtain the concentrated peak bending moment.
e summation term in (14) may be readily solved in spreadsheet form by summing the values of σ θ at each incremental length Δr x along the radial distance r xp .
e nominal elastic bending limit, M nr , of a reinforced region directly adjacent to the opening should be equal to or greater than M xp , explicitly expressed by the fundamental design requirement:
e width of each reinforced region should nominally be equal to r xp and extend longitudinally at least beyond the extents of the opening, as shown in Figure 8 . e elastic bending limit of the reinforced region is dependent upon the material and geometric properties of the reinforced section and may be readily determined from design formulas. In general, M nr is equal to an internal moment at which the extreme outer fibers of the reinforced section begin to yield, explicitly expressed by the product of the yield strength and the elastic section modulus, S, of the reinforced section [40] :
Reinforcement is not required if the peak elastic bending stress given by (12) does not exceed σ Y .
Case: Rectangular Slab Simply Supported at All Four
Edges. A rectangular slab simply supported at all four edges and uniformly loaded by blast pressure behaves as a two-way plate-like element. As in the one-way case, a small circular opening is assumed located within the slab where flexure predominates.
e two-way rectangular slab and its deformed shape under blast loading are shown in Figures 9 (a)-9(c). Navier's method gives the exact solution for the deformed shape of a rectangular plate-like structure simply supported at all four edges and uniformly loaded by q; the solution is described by a rapidly converging double trigonometric series [39] . For simplicity, the first term in the series is employed to describe the deformed shape:
where b is the slab width and h is the slab length. e characteristic shape function is determined by multiplying (17) by its inverse whilst setting x � b/2 and y � h/2:
e bending stiffness corresponding to the out-of-plane displacement at the center of the slab is determined by substituting q � 1, x � b/2, and y � h/2 into the inverse of (17) and multiplying with the slab surface area:
Finally, the mass and load transformation factors are determined by substituting (18) into the known formulas for transforming a multidegree system into an SDOF system [3] :
where m is the mass density. In a manner similar to the oneway case, (19) , (20a), and (20b) may be used to transform the load-structure system into an equivalent SDOF system and analyzed for a given blast loading scenario. e peak Advances in Civil Engineering displacement of the slab Δ peak can be extracted for deformations remaining within the elastic strain range.
Substituting (18) into (8) and substituting the result into the Kirchhoff-Love plate differential equations given by (9a) and (9b) results in the bending stress field at the surface of the slab in tension:
where x o is the location of the opening along the width of the slab and y o is its location along the length of the slab. In the case of two-way flexure, the distribution of peak bending stress at the surface of the slab and directly adjacent to the opening is dependent upon the far-field bending stress in both the x-axis and y-axis directions, as shown in Figure 10 [38] . e peak elastic bending stress distribution, σ θ (r x ), along the r x radial distance is principally induced by the far-field bending stress in the y-axis direction. Conversely, σ θ (r y ) along the r y radial distance is principally induced by the far-field bending stress in the x-axis direction. e peak elastic bending stress distributions along r x and r y are obtained from (11) using the combinations of σ ∞ and θ tabulated in Table 2 .
Substituting the combinations of σ ∞ and θ as tabulated in Table 2 into (11) results in the following equations:
e peak elastic bending stress distributions along r x and r y directly adjacent to the opening are depicted in Figure 10 .
For the case of two-way flexure, reinforcement should be positioned on each side of the circular opening as required ( Figure 11) . Each region of reinforcement should be designed to transfer the concentrated peak bending moment, M xp or M yp , on each side of the opening such that yielding does not occur at the wall surface. In accordance with the principle of conservation of mechanical energy given by (4), the concentrated peak bending moment producing a plastic hinge is derived by integrating the peak elastic bending stress distribution (assuming no yielding) over the radial distance over which yielding does occur and multiplying with the unit elastic section modulus:
M yp � t 
where r xp + a and r yp + a are the radial distances at which σ θ � σ Y . In summation form, 
e radial distances r xp and r yp over which yielding occurs can be solved for by substituting the known constants into (22a) and (22b), setting the results equal to σ Y , solving for r x and r y , and subtracting a. Equations (22a) and (22b) may then be substituted into (24a) and (24b) to obtain the concentrated peak bending moments. e summation terms in (24a) and (24b) may be readily solved in spreadsheet form by summing the values of σ θ at each incremental length Δr x or Δr y along the radial distance r xp or r yp , respectively.
As in the one-way case, the nominal elastic bending limit M nr of each reinforced region directly adjacent to the opening should be equal to or greater than the corresponding concentrated peak bending moment demand, M xp or M yp , as expressed by the fundamental design requirement given by (15) . e widths of the reinforced regions resisting M xp and M yp should nominally be equal to r xp and r yp , respectively, and extend longitudinally to at least beyond the extents of the opening, as shown in Figure 11 . Reinforcement is not required if the peak elastic bending stress given by (22a) and (22b) does not exceed σ Y .
e derived formulas (12) , (14), (22a), (22b), (24a), and (24b) employ several assumptions for the purpose of functionality. e formulas assume isotropic homogeneous, linear elastic-perfectly plastic material properties and neglect the elastoplastic transition phase through the plate-like structure thickness. e former assumption is accurate for most metallic structural materials such as alloy steel but less applicable for anisotropic nonhomogeneous materials such as reinforced concrete [38] . e latter assumption is sufficient for relatively thin plate-like structures having a thickness-to-length ratio ranging between 0.1 and 0.01 [41] . Additionally, the approach of using the plane stress obtained from the Kirchhoff-Love plate equations for loading a circular opening in an infinite plane neglects the influence of nearby edge supports. However, this is compensated in that reinforcement around openings near edge supports should be designed primarily for shear rather than flexure; openings in regions where flexure predominates are more accommodating to the assumption of an infinite plane. Finally, the formulas apply only for blast load global responses remaining primarily within the elastic strain range. Consequently, the method is inherently elemental; however, the method is acquiescent to further analytical or empirical refinement.
FEA Verification of Analytical Solution.
Abaqus was used to perform numerical verification of the peak elastic bending stress distribution formulas given by (12), (22a), and (22b). A series of plate-like structures each containing a small circular opening were modeled using general purpose S4R shell elements to verify the formulas. e global mesh size was set to 10 cm, with a much finer mesh size of 0.20 cm defined in the immediate region around the circular opening. e typical test model configuration is shown Figure 12 . Eight test groups each containing three test models were analyzed considering various design parameters including blast loading conditions, model dimensions, material properties, positions of opening, and support conditions. e design parameters are summarized in Tables 3 and 4 . Idealized isotropic homogeneous, linear elastic material properties were assigned to the shell sections as outlined in Table 5 .
e blast effects software ConWep was used to calculate the peak reflected pressure and impulse upon each model considering various explosive charge weights and range to the target surface as listed in Table 6 . e reflecting surface was set equal to the target surface to account for clearing effects [42] . Triangular blast pressure-time histories were developed based on the calculated pressure and impulse and used as a basis for determining the design parameters. e design parameters were optimized such that the blast load response remained within the elastic strain range. e typical blast loading scenarios are depicted in Figure 13 .
e primary objective of the test groups was to demonstrate a correlation between the derived peak elastic bending stress distribution formulas and the FEA results.
is is also indirect verification of the concentrated peak bending moments given by (14), (24a), and (24b), and the Table 2 : Combinations of σ ∞ and θ for use in (11) for obtaining the peak bending stress distributions along the r x and r y radial distances.
Peak bending stress distribution
Plane stress distribution obtained from (11) Uniaxial far-field tensile stress, σ ∞ , obtained from (21) Angle, θ, with respect to the axis of far-field stress
imple support corresponding peak elastic strain energy developed around the circular opening. Test groups TM-1 through TM-4 investigated the stress concentrations around the circular opening under one-way flexural behavior and were intended to simulate an idealized one-way hardened blast wall. Test groups TM-5 through TM-8 investigated the stress concentrations under two-way flexural behavior and were intended to simulate an idealized two-way strengthened slab. e peak elastic bending stress distribution formulas specifically assume isotropic homogeneous, linear elastic material properties, and consequently, the test groups were modeled with such material properties for the purpose of impartial comparison with the formulas. e intention was therefore not to scrupulously simulate the real-life behavior of the considered test models but rather to investigate the correlation of the derived formulas with FEA whilst considering the aforementioned design parameters.
ree steps were defined in Abaqus for the analysis of each test model. In the first step, the support conditions were defined. In the second step, a dynamic implicit step was created with a duration equal to the blast load duration. e appropriate triangular pressure-time history was built into the load definition and uniformly applied to the model surface representing the target area. History output requests for the out-of-plane displacement and stress field around the Refer to Table 5 for material properties. 6  TM-1c  8  TM-2a  4  TM-2b  6  TM-2c  8  TM-3a  2  TM-3b  3  TM-3c  4  TM-4a  2  TM-4b  3  TM-4c  4  TM-5a  4  TM-5b  6  TM-5c  8  TM-6a  4  TM-6b  6  TM-6c  8  TM-7a  3  TM-7b  4  TM-7c  5  TM-8a  3  TM-8b  4  TM-8c  5 opening were defined. In the final step, a second dynamic implicit step was created with a duration of 0.50 seconds and with a time step of 0.001 seconds to simulate the free vibration phase. e blast load was set to inactive, and the history output requests for the displacement and stress field around the opening were propagated from the second step. For each analysis, the history output requests for the displacement were used to determine the time step at which the peak displacement occurred. e peak unidirectional bending stress distribution at the tension surface and along r x or r y at that specific time step was then extracted from the analysis.
Concurrently, a series of dynamic SDOF blast analyses were performed on the test groups to replicate the analysis procedure that would be followed in the proposed method. For each test model, an SDOF analysis was conducted in order to obtain the peak out-of-plane displacement. e peak displacement was then substituted into (12), (22a), or (22b) and the resulting peak bending stress distribution along r x or r y was compared to the FEA results. Finally, the concentrated peak bending moments were calculated using (14) , (24a), or (24b) for use in designing any required reinforcement around the circular openings. e overall numerical verification procedure is outlined in Figure 14. 
Results and Discussion
e peak out-of-plane displacements from the equivalent undamped SDOF analyses and FEA are summarized in Table 7 . e displacements were obtained at the center of each test model at x � b/2 and y � h/2. e typical displacement-time history is characterized by undamped periodic motion in the z-axis direction, as exemplified in Figure 15 (a) for the test model TM-1c. e peak displacement is achieved at the first peak during the free vibration phase. For the one-way test models, the SDOF analyses slightly underestimate the peak displacements compared to FEA.
e percentage difference between SDOF and FEA tends to reduce as the thickness of the plate-like structure increases. Conversely, the SDOF analyses overestimate the Reflecting surface set equal to the target surface to account for clearing effects. peak displacements for the two-way test models compared to FEA, and the percentage difference tends to increase as the thickness increases. ese minor differences may be derived from the slight differences in global stiffness between the SDOF models and the FEA models. e stiffness in the FEA models is in part dependent upon the fineness of mesh and accounts for the presence of the circular opening. On the contrary, the stiffness in the SDOF models is in part dependent upon the assumed deformed shape and neglects the presence of the opening. It is noted that, as per the proposed analysis method and verification procedure, both the SDOF and FEA models were analyzed without considering reinforcement in order to predict the unaltered (i.e., unreinforced) performance of the plate-like structures.
Equations (12), (22a), and (22b) predicting the peak bending stress distributions around the opening are directly dependent upon the peak out-of-plane displacement. In this way, these formulas can be directly coupled to the peak displacement response of a preceding dynamic SDOF blast analysis to readily design any required reinforcement around a circular opening. Typical bending stress contours are shown in Figures 15(b) and 15(c) for the test model TM-1c. e peak bending stress distributions along r x as obtained from (12) and FEA are shown in Figure 16 for the one-way test groups TM-1 through TM-4. e stress distributions along r x and r y as obtained from (22a) and (22b), respectively, and FEA are shown in Figures 17 and  18 for the two-way test groups TM-5 through TM-8. Equation (12) demonstrates a good correlation with the FEA results. Equations (22a) and (22b) tend to slightly overestimate the stress concentrations compared to FEA. e correlation is strongest when the opening is located in regions where flexural stress predominates (Figures 6  and 9 ). As may be expected, the correlation decreases as the opening approaches any edge supports by virtue of the supports having an increasing influence upon the farfield bending stress. In all cases, the derived formulas predict slightly greater stress concentrations directly adjacent to the opening perimeter compared to FEA. Overall, the formulas exhibit closer correlation to the FEA results for the one-way test models than for the twoway models. ere is no apparent correlation between the test model thickness and the correlation of stress concentrations. Input into (12), (22a), or (22b) to obtain peak bending stress distribution at tension surface along r x or r y
Extract peak displacement
Input into (14) , (24a), or (24b) to obtain concentrated peak bending moments
Comparison Figure 14 : Numerical verification procedure. 
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Advances in Civil Engineering e concentrated peak bending moments given by (14) , (24a), and (24b) for the one-way and two-way test groups are listed in Tables 8 and 9, respectively. ese formulas are directly dependent upon (12), (22a), and (22b). As per the principle of conservation of mechanical energy given by (4), if the peak elastic bending stress concentrations in the local domain around a circular opening are accurate, then the concentrated peak bending moments derived from the distributions can allow for the design of reinforcement to absorb the peak strain energy ΔU peak around the opening in a purely elastic form. e summation term in the formulas was readily solved in spreadsheet form by summing the stress magnitude at each incremental length Δr along the radial distance r xp or r yp . Considering that the elastoplastic transition range through the plate-like structure thickness is neglected in the derivation of (14) , (24a), and (24b), the formulas may slightly overestimate the values of M xp and M yp . In accordance with the design requirement expressed by (15) , this may result in a conservative design of the reinforcement.
An inclination towards conservatism in design is generally favorable, especially with respect to blast design since the nominal, unreduced capacities are used [1] . Nonetheless, the results show that many of the test models do not require reinforcement by virtue of the peak bending stress concentrations not exceeding the material yield strength. e concentrated bending moments tend to decrease when the opening is located in regions near edge supports where flexural stresses begin to decrease. e design of steel reinforcement for the test model TM2a is outlined as a typical example. For reinforced regions with rectangular cross sections and composed of isotropic homogeneous, linear elastic-perfectly plastic material, the elastic bending limit M nr is given as follows:
where r p is the width of the reinforced section equal to r xp or r yp and d is the total thickness of the reinforced section. From Table 8 , the magnitude of M xp for the test model TM2a is 3.37 kN·m. Also, from Figure 16 , the value of r xp is approximately 2.7 cm. As per the fundamental design requirement given by (15) , the required thickness of the rectangular reinforced section can be readily determined by setting (25) 
Conclusions
An analysis method is formulated for predicting the peak bending stress concentrations around a small circular opening in a plate-like structure subjected to uniform blast loading.
e method is applicable to plate-like structures possessing isotropic homogeneous material properties and assumes a linear elastic-perfectly plastic response mode. Specifically, the method allows for the determination of concentrated peak bending moments adjacent to the opening for the design of reinforcement that can prevent the formation of localized plasticity. In terms of mechanical energy, the reinforced regions are designed to absorb the peak strain energy around the opening in a purely elastic form. is is under the supposition that the development of localized plasticity around the opening is the failure criterion. Specifically, the kinetic energy of the plate-like structure may progressively dissipate or build up as plastic strain energy around the opening, potentially resulting in large deformations, rupture, or dynamic fracture during the initial cycle or subsequent oscillations [34] [35] [36] .
A set of elemental formulas is derived to achieve this objective, focusing upon rectangular one-way and two-way plate-like structures containing a single small circular opening located where flexure predominates. e formulas are those expressed by (12) , (14) , (22a), (22b), (24a), and (24b) and are directly dependent upon the predicted peak displacement response of a blast load-structure system. In conformance with the proposed method, the formulas are intended to be implemented in tandem with a dynamic SDOF analysis of the blast load-structure system. 
Advances in Civil Engineering
e deformed shape, characteristic shape function, sti ness, and transformation factors for a rectangular two-way exural element are formulated.
ese same parameters are readily available in the literature for rectangular one-way exural elements [3] . e proposed method is outlined in Figure 20 and can be readily incorporated into standard SDOF blast design spreadsheets.
Abaqus was employed to conduct FEA veri cation of the derived peak elastic bending stress distribution formulas. A total of 24 test models subdivided into eight test groups were investigated considering various design parameters. Overall, the formulas demonstrate a good correlation with FEA albeit with a conservative inclination; the formulas tend to slightly overestimate the stress concentrations directly adjacent to the opening perimeter compared to FEA. Additionally, the formulas neglect the elastoplastic transition phase through the plate-like structure thickness, which serves to add to the aforementioned conservatism. However, this conservatism is deemed favorable especially with regard to blast design. e method is limited insomuch by the blast loadstructure con guration that can be analyzed by way of an equivalent SDOF system. is is because the method is directly dependent upon the peak displacement response, deformed shape, characteristic shape function, and sti ness inherent to a dynamic SDOF analysis. e method is, however, acquiescent to further analytical or empirical renement by future investigations or experiments to extend its applicability. Future studies could investigate the presence of multiple openings in a plate-like structure and openings with irregular shapes. e method could also be re ned to accommodate plate-like structures composed of anisotropic nonhomogeneous materials. e overall premise of the analysis method is to provide a more e cient and viable alternative than overgeneralized analytical methods or high delity FEA for analyzing and designing reinforcement around a circular penetration located in a plate-like structure subjected to uniform blast loading. e proposed method is applicable for many typical conditions that may be encountered during design. With further modi cations, the method has the potential to be applicable for an even wider range of structural con gurations, with the remaining atypical conditions reserved for analysis by FEA.
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